Abstract. We present a combinatorial criterion for the smoothness of an arbitrary spherical variety. This generalizes an earlier result due to Camus for spherical varieties of type A.
Introduction
Throughout the paper, we work with algebraic varieties and algebraic groups over the complex numbers C.
We recall some standard notions from the theory of spherical varieties. Let G be a connected reductive group and B ⊆ G a Borel subgroup.
A closed subgroup H ⊆ G is called spherical if G/H contains an open B-orbit. In this case, G/H is called a spherical homogeneous space. A G-equivariant open embedding G/H → X into a normal irreducible G-variety X is called a spherical embedding, and X is called a spherical variety. A spherical embedding G/H → X (or the spherical variety X) is called simple if X contains exactly one closed G-orbit.
Spherical varieties can be classified combinatorially. The first step is to classify the spherical subgroups of a fixed connected reductive group G. In [Lun01] , Luna proposed combinatorial data to do this. We now give an overview of his approach.
Let H ⊆ G be a spherical subgroup. Fix a maximal torus T ⊆ B, let R be the corresponding root system of G, and let S ⊆ R be the set of simple roots corresponding to B. We denote by M ⊆ X(B) = X(T ) the weight lattice of Bsemi-invariants in the function field C(G/H), by N := Hom(M, Z) the dual lattice with the natural pairing ., . : N × M → Z, and we set N Q := N ⊗ Z Q.
We denote by D the set of B-invariant prime divisors in G/H. The elements of D are called the colors of G/H. To each D ∈ D we associate the element ρ(D) ∈ N Q defined by ρ(D), χ := ν D (f χ ) for χ ∈ M where ν D ∈ V is the valuation induced by the prime divisor D and f χ is a B-semi-invariant rational function of weight χ and uniquely determined up to a constant factor. We also associate to each D ∈ D the subset ς(D) ⊆ S of simple roots α such that P α · D = D where P α ⊆ G denotes the corresponding minimal parabolic subgroup. We regard D as a purely combinatorial object by treating it as a finite set equipped with the two functions ρ : D → N Q and ς : D → P(S).
We denote by V the set of G-invariant discrete valuations on C(G/H). The assignment ι : V → N Q defined by ι(ν), χ := ν(f χ ) is injective, hence V ⊆ N Q may be regarded as a subset. It is known that the set V is cosimplicial cone (cf. [Bri90] ) called the valuation cone of G/H. We denote by Σ ⊆ M the linearly independent set of primitive elements such that the valuation cone V is the intersection of the half-spaces {u ∈ N Q : u, γ ≤ 0} for γ ∈ Σ. The elements of Σ are called the spherical roots of G/H.
For any simple root α ∈ S we define D(α) := {D ∈ D : α ∈ ς(D)}, the set of colors moved by P α , and define S p := {α ∈ S : D(α) = ∅}. Then the parabolic subgroup P S p ⊆ G is the stabilizer of the open B-orbit. We say that a color D ∈ D(α) is of type a if α ∈ Σ, of type 2a if 2α ∈ Σ, and of type b otherwise. The type of a color is independent of the simple root α, and we obtain a disjoint union
. We now consider the assignment
sending a spherical subgroup H ⊆ G to the indicated quadruple S where D a is now treated as a finite set equipped with the function ρ| D a : D a → N Q , i.e. the information ς| D a : D a → P(S) is discarded. A quadruple S which lies in the image of the above assignment is called a homogeneous spherical datum. The above assignment is injective up to conjugation of H (cf. [Los09b] ). A more difficult problem is to describe explicitly which quadruples are homogeneous spherical data. Luna gave a conjectural list of axioms and proved his conjecture for spherical varieties of type A, i.e. where every connected component of the root system of G is of type A. There are now two proposed solutions for the general case (cf. [CF09, CF10] and [BP11a, BP11b, BP11c] ).
The next step is to classify the spherical embeddings of a fixed spherical homogeneous space G/H. This is done using the Luna-Vust theory (cf. [LV83, Kno91] ).
A colored cone is a pair (C, F) such that F ⊆ D and C ⊆ N Q is a convex cone generated by ρ(F) and finitely many elements of V satisfying C
• ∩ V = ∅ where C
• is the relative interior of C. A colored cone is called strictly convex if C is strictly convex and 0 / ∈ ρ(F). According to the Luna-Vust theory there is a bijection between strictly convex colored cones and isomorphism classes of simple spherical embeddings of G/H.
As the purpose of this paper is to obtain a combinatorial smoothness criterion for an arbitrary spherical variety X and any spherical embedding G/H → X admits an open cover by simple embeddings, we may restrict our attention to the simple case. A simple spherical G-variety X is determined by the homogeneous spherical datum S of its open G-orbit and its colored cone (C, F). Our aim is to obtain a smoothness criterion in terms of this data.
Let G/H → X be a simple spherical embedding corresponding to the colored cone (C, F). It is known that the variety X is locally factorial if and only if C is spanned by a Z-basis of N which contains ρ(F) and ρ| F is injective (cf. [Bri, 5 .1]). If, moreover, we have F = ∅ (in this case X is called toroidal), then X is smooth. When F = ∅, the information (C, F) does not suffice to determine the smoothness of X in general, and we have to take into account the homogeneous space G/H as well.
For spherical embeddings of G/U where U ⊆ G is a maximal unipotent subgroup there is a smoothness criterion due to Pauer Our result is a generalization of the combinatorial smoothness criterion due to Camus, where multiplicity-free spaces play an important role. A multiplicity-free space is a vector space with linear G-action which is also a spherical G-variety. It follows from the étale slice theorem of Luna (cf. [Lun73] ) that a smooth affine spherical G-variety X containing a fixed point is equivariantly isomorphic to a multiplicity-free space V . Multiplicity-free spaces have been classified by Chal and Ratcliff (cf. [BR96] ) as well as Leahy (cf. [Lea98] ) with special cases previously considered in [Kac80] and [Bri85] . A convenient list with additional data can be found in [Kno98] .
We have to turn our attention to some more points concerning the combinatorial classification of spherical subgroups. Let H ⊆ G be a spherical subgroup corresponding to the homogeneous spherical datum S := (M, Σ, S p , D a ). The equivariant automorphism group of G/H can be identified with N G (H)/H, hence N G (H) acts on D. The subgroup H of N G (H) which stabilizes D is called the spherical closure of H. The homogeneous spherical datum S corresponding to H can be obtained as follows: We denote by Σ the set obtained from Σ by replacing every γ ∈ Σ by 2γ if possible and leaving γ unchanged otherwise such
Whenever we have M = Σ Z , we may omit the first element of the quadruple and call (Σ, S p , D a ) a spherical system. In this paper, only spherically closed homogeneous spherical data will be considered as spherical systems.
For such a spherical system we have Σ ⊆ S N , and the spherical system does not depend on the reductive group G, but only on its root system R.
2 ) are spherical systems for root systems R 1 and R 2 respectively, we define the product
, which is a spherical system for the root system R 1 × R 2 . Then S 1 and S 2 are called components of S 1 × S 2 , and spherical systems which can not be written as a nontrivial product are called indecomposable. From this we obtain the notion of the decomposition of S into indecomposable components.
We now consider multiplicity-free spaces V with acting group
where G ss is a semisimple simply-connected group, V = V 1 ⊕ . . . ⊕ V k is the decomposition into irreducible G-modules, and the i-th C * -factor acts naturally on V i . Such a multiplicity-free space is called indecomposable if it can not be written as G × G × (C * ) k acting on V ⊕ V where G acts on V and G acts on V in a nontrivial way. We write S V for the homogeneous spherical datum of the open
Definition. We define L as the list of spherical systems S V where V is a nontrivial irreducible multiplicity-free space as above. Moreover, we say that a spherical root γ of an entry in the list L corresponding to V is marked if there exists a G-invariant
The localization of the homogeneous spherical datum S :
Then S * is a homogeneous spherical datum for the reductive group L where L P u is the Levi decomposition of the parabolic subgroup P S * ⊆ G corresponding to S * . Finally, for F ⊆ D we set S c (F) := S \ D∈F ς(D), we denote by C(1) the finite set of extremal rays in the cone C, and we write D S for the abstract set of colors determined by S . This work is organized in two sections. The list L is given explicitly in Section 1. The proof of the Main Theorem is given in Section 2.
Luna diagrams of indecomposable multiplicity-free spaces
Luna diagrams can be used to graphically represent spherical systems. They have been first introduced in [Lun01] . An introduction to Luna diagrams can be found in [BL11] . We provide Luna diagrams for every entry in the list L up to automorphisms of the root system. The spherical roots which are marked have been marked with the symbol γ in the diagrams. All the information has been taken from [Kno98] . 
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Proof of the Main Theorem
We use the notation from the introduction. Let G/H → X be a locally factorial simple spherical embedding corresponding to the colored cone (C, F) where G/H has spherical homogeneous datum S := (M, Σ, S p , D a ). We apply the local structure theorem for spherical varieties (cf. [Tim11, Theorem 15.17]). Let
let P := P S c (F ) ⊆ G be the parabolic subgroup corresponding to S c (F), and let P = L P u be its Levi decomposition. Then there exists an L-invariant closed subvariety Z ⊆ X 0 such that we have natural P -equivariant isomorphisms
Moreover, Z is an affine spherical L-variety and its weight lattice is the same as the weight lattice M of G/H and X. The spherical variety Z is simple, and we denote by C * ⊆ N Q the cone corresponding to it. Then we have C * = C. Our first aim is to show that S * = S Z . The following two results are adapted from the work of Camus. Proof. We can add (the same) G-orbits of codimension one to X and X such that we obtain locally factorial varieties X c and X c with
According to [Bri07, 4. Proof. According to [Bri07,  (u 1 , . . . , u m , w 1 , . . . , w s ) the corresponding dual basis of N . Then the elements u 1 , . . . , u m ∈ N meet our requirements.
From now on, we may further assume that the cone C is full-dimensional in N Q or, equivalently, that X contains a fixed point. The following result will conclude the proof of the Main Theorem. Proof. We first note that the spherical G-modules V used to define the list L contain exactly one G-invariant prime divisor Y γ for every marked spherical root γ such that ν Yγ , γ = −1. For every other G-invariant prime divisor Y in V or whenever γ is not marked, we have ν Y , γ = 0.
The elements of U correspond to the G-invariant prime divisors in X. If conditions (1) and (2) are satisfied, it follows that there exists a spherical G-module V such that the spherical closure of the homogeneous spherical datum of its open G-orbit is S and whose G-invariant prime divisors behave exactly as those in X when paired with the spherical roots. Then the smoothness of X follows from the smoothness of V with the same argument as as in Proposition 2.3. Now, assume that X is smooth. We may assume that G = G ss × C where G ss is semisimple simply-connected and C is a torus. It follows from the étale slice theorem of Luna (cf. [Lun73] ) that V := X is a spherical G-module. Let V = V 1 ⊕ . . . ⊕ V k be the decomposition into irreducible G-modules. Then V is also a spherical G ss × (C * ) k -module. It follows from [Lea98, Section 7 ] that replacing C with (C * ) k does not change whether conditions (1) and (2) are satisfied.
